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Abstract 

Guillet and Soule have shown in [GS96| that, for a fibration ir : Y — > X with fibre Z, 
locally trivial in the Zariski topology, we have a decomposition 

PI = [*] • \zi 

where [•] denotes a class in the Grothendieck group Ko(M.R a t(k)) associated to the 
category of (pure effective) Chow motives M.Rat(k) for a field k. By assuming some 
additional properties for the fibre Z, we construct an explicit isomorphism h(Y) = 
h{X)®h(Z) in the category M.Rat{k), and we use it to prove, for this type of fibrations, 
some conjectures disscussed by Murre in [Mur93aJ. 

1. Introduction 

In |GS96] Gillet and Soule define, for any quasi-projective variety X defined over a field k of 
characteristic zero, a class [X] € Ko(A4Rat(k)) characterized by the following properties: 

(i) If X is an smooth projective variety, then [X] = [h(X)], where h(X) = (X, Ax) denotes 
the Grothendieck motive under rational equivalence associated to X. 

(ii) If W C X is a closed subvariety in X, 

[X] = [W] + [X - W] . 

As a consequence, for a fibration ir : Y — >■ X with fiber Z, locally trivial for the Zariski 
topology of X, we have that 

[Y] = [X] ■ [Z] 

in K (MRat(k)). Since [X x Z] = [X] ■ [Z] in K (M Rat (k)), this implies that 

h{Y) M = (h(X) ® h{Z)) M 

for some M € Obj(A^ R a t(k))- Unfortunately, the cancellation law is not valid in general for the 
category Mnatik), as there are examples of fields k for which the cancellation law fails, see for 
example, Remark 2.8 in [CPSZ06J. 

The main objective of this work is to prove the isomorphism h(Y) = h(X) <g> h(Z), when the 
fibre of the fibration satisfies certain pairing conditions, namely we ask the variety Z to have 
a cellular decomposition inducing some properties for its Chow groups (see Section 2 of this 
article for the precise definitions). After that, we discuss some conjectures proposed by Murre in 
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|Mur93a] . Our results are true even for varieties denned over a field having positive characteristic 
or not being algebraically closed. 

We begin by giving a explicit description of the Chow ring of such fibration as a module over 
the Chow ring of the base space, namely we prove: 

Theorem 1.1. Let tt : Y — > X be a locally trivial fibration with tt being a proper morphism 
and with fibres isomorphic to a fixed variety Z having a Chow stratification. Then we have a 
C H* (X)-modules isomorphism 

CH*(Y) CH*(X) ®CH*{Z). n 
Then, we lift the obtained decomposition to the category of Chow motives, obtaining: 
Theorem 1.2. Let tt : Y — > X be a fibration as in Theorem 1 1.1 1 Then 

h(Y)^h{X)®h{Z). □ 

Both in Theorem 1 1 . 1 1 and Theorem 11.21 we give explicit isomorphisms, closely related to the 
geometry of the fibre. Finally, we use the tools developed in the proofs of the previous theorems 
to obtain the following: 

Theorem 1.3. Let tt : Y — > X a locally trivial Gbration as in Theorem \1.2l Furthermore, suppose 
X has a Chow-Kiinneth decomposition ttq(X), . . . , 7r 2dim pq(X) satisfying that 

TT (X), . . . ,7r i _l(Jf),7T 2 j + l(X), . . . ,7T 2dim(X )(X) 

act as zero on CH 3 (X) (0 ^ j ^ 2dim(X)J. Then Y has a Chow-Kiinneth decomposition 
7T (F), . . . , 7r 2dim( y)(Y) and for each j, 

7T (Y), . . . ,7r j -. 1 (Y),7T2j+l(Y), . . • ,7T 2dim{y) (y) 

act as zero on CH J (Y). □ 

As an example of the previously mentioned fibrations we have the flag bundles associated to 
a given vector bundle E over a variety X, more generally, any locally trivial fibration with fibres 
isomorphic to a quotient of a linear algebraic group by a parabolic subgroup. 

2. The Chow Ring of a Locally Trivial Fibration 

We will consider fibrations with fibres isomorphic to a given variety Z satisfying the following 
properties. 

Definition Let Z be a smooth projective variety with dimension n. We say that Z satisfies 
the Chow pairing conditions if for each p such that ^ p ^ n we can find cycle classes 
Tp,i, ■■■,T P)inp G CH p (Z) such that 

(i) CH n (Z) = Zr n) i (where r ni i denotes the class of a point in Z). 

(ii) For p < n, CH P (Z) is a free Z-module with finite rank 

CHP{Z)^^Zr p>i . 

i=i 
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(iii) For each p < n, we can give a perfect pairing 

CH p (Z) x CH n - p (Z) -> CH n (Z) Zr n ,i 

satisfying 

T n ,i i/ i = j 



7p,t fl 7~n—p,j 



i/ i/i- 



Remark Observe that both CH P (Z) and CH n P (Z) have the same rank, in particular, mo = 
m n = 1. 

Definition Let Z be a smooth projective variety. We say that Z has a Chow stratification if 

(i) Z has a cellular decomposition 

by closed subvarieties such that each Zi — Z^—\ is a disjoint union of schemes Uij isomorphic 
to affine spaces A d * J '. 

(ii) Z satisfies the Chow pairing conditions by taking the cycles appearing in the previous 
definition as Tj j := 

Remark . (See Example 1.9.1 in [Ful981 p. 23]). If a variety Z has a cellular decomposition then 
CH*(Z) is finitely generated as a Z- module by the cycle classes Uij; therefore the variety Z 
will have a Chow stratification if it satisfies conditions (£) and (iii) in the definition of the Chow 
pairing conditions. 

It will prove to be useful to establish the following convention. 



Convention. For the rest of the paper, each time we say that tt : Y — > X is a locally trivial 
fibration, we will be assuming that tt is a locally trivial fibration with tt being a proper, flat, 
smooth morphism and with fibres isomorphic to a fixed variety Z satisfying the Chow pairing 
conditions, unless otherwise stated. 



Now, consider a locally trivial fibration tt : Y — >• X and let U C X be an open subset for 
which 7r becomes trivial, and set W := X \ U. Let i : U — > X, j : W — > X, i : Y\u — > Y and 
j : Y\y/ — » Y be the inclusions, and denote by 7r[/ (resp. ixw) the restriction of tt to (resp. 
Let 7] : y|[/ — > Z be the morphism induced by the projection of C/ x Z on the second 

factor. 

Then for each p we have the following diagram 

CH p {Z) 



CH p - m (Y\ w ) 



CH p (Y) 



CHP(Y\ V ) 



7T£/* 



CH p ~ 



l (W) 



CH p ~ n (X) 



CH p ~ n (U) 



(1) 



where m denotes the codimension of W in X; the rows are exact by Proposition 1.8 in [Fur98j, 
the left square commute by the functoriality of the push-forward and the right square commute 
by Proposition 1.7 in [Ful98j. 
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Using this diagram define elements T p ^ S CH P (Y) such that i*T p ^ = rfr Pj i. We have the 
following Theorem. 

Theorem 2.1. (Duality Theorem). Let ir : Y — >• X be a hbration with hhre Z satisfying the 
Chow pairing conditions. Then for any p, q satisfying p + q ^ n and any a € CH*(X) we have: 



7r,(^*(a)nr Pii nr, 



a if (q,j) = (n~P,i) 
otherwise 



Proof. By the projection formula 

7r*(7r*(a) f) T p>i n T q J) = a n 7r*(T P) j n T 9 j), 
so it will be enough to calculate ir*(T p ^ n T^j). Observe that 

7r*(r Pii nr gJ ) eOT^-"(i), 

and therefore vr*(T P) j n T„ j) = if p + q < n. Prom now on we will suppose q = n — p. In this 
case, by looking at © we see that CH°(X) CH°(U). 

Since the right square in (pQ) commutes then 

i*7T*(T pi j Pi T q J) = TTU*1*{T P) i PI T q j) . 

But then 

z*(r Pji n T q>j ) = i*(T P)i ) n i*(T q j) = rj*(r Pii ) n rf(T q j) = rf(T Pji n r g j) . 

Now, if j = i then r p> j n r 9) j = e and then 

«*(T Pji nr 9)i ) = r/*(e) = l v x e, 
where e is the class of a point in Z and therefore we have 

i*^*(T P) i n T q j) = iru*(lu x e) = \\j . 

So, being i* injective for CH°(X), we have ir*(T p ^ r\T q j) = lx if j = i, and therefore in this 
case 

7T*(7T*(q) Pi T p j l~l Tqj) = a . 

Now suppose j ^ i, so we have r Pi j n r g j = and then 

I'^n^) = r?*(0) = 0, 

consequently, 

f*7r*(T Pi j n T g j) = iru*t*(T p ,i n T g j) = 
and since i* is injective for CH°(X) 

n*(T Pti nT qJ ) = Q 

from which we conclude 

7r*(7r*(a)nT Pji nT gij ) = 

for j^i.u 

As a consequence of the Duality Theorem we have the following. 
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Corollary 2.2. Let ir : Y — > X be a locally trivial fibration as before. Then 

P mi 

90(^(1)8^) -> CF(F) 

i=0 j=l 

(ay <g> ni t jTij) it j (->■ ^ ^ ir*(nija itj ) n Ty 

i=0 i=i 

is injective. 

Proof. Let (ay ® rayry)y G ker (/?, so it satisfies the equation 

^ n*(nija it j) n Ty = 0. 

Suppose we have (ay ® n i,j T i,j)i,j an d let (fc, Z) be the (lexicographically) greatest index 
such that CKfc ; (g) Tij-iTki ^ 0. Multiplying the last equality by T n _ k i and then applying 7r* we 
obtain 

= 7T * 1/2 n *( n hi a hi) n T i,i n r n-ifc,i I = ^2 vr*(7r* (raj j ay) n Ty n T n _ k j) = n ki ia k ,i 
which is absurd. Therefore kerc^ = and ip is injective. □ 

Convention. Since any element a% j ® rayry E CH p ~ t (X) <g> Zry can be rewritten as 

T^iJ^iJ ® = Pi,j ® > 

from now on we will simply denote such an element as ay ®Ty. The same simplification can be 
made for the elements of CH P (Y) lying in the image of we will denote those elements by 

^■K*{a id )C\T id . 

hi 

Is worth noticing that the group: 

00(CiF- i (X)®Zr,, i ) 

i=0 j=l 

is isomorphic to the p-graded part of the graded ring CH*{X) ® CH*{Z). In this way, Corollary 
12.21 can be restated as follows. 

Corollary 2.3. Let ir : Y -> X be a fibration as in Corollarv\23. Then CH*(X) ® CH*(Z) is 
a CH*(X)-submodule ofCH*(Y). n 

Now we center our attention on deciding when the morphism defined in Corollary 12.21 is 
surjective. In order to answer this question we require the following. 

Lemma 2.4. If Z has a Chow stratihcation, then for any variety X we have 

CH*(X x Z) = CH*(X) <g> CH*(Z). 
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Proof. Notice that, in this case, the morphism from Corollary 12.21 can be written as 



: Q)CH p - l {X) ® CH\Z) -> CHP(XxZ) 



1=0 



i=0 



where 7rx, 7r^ are the projections from I x 2 to I and Z respectively, and therefore this 
morphism is injective. Moreover we have the equality 



So, by comparing with Example 1.10.2 from [Ful98} p. 25] we obtain the surjectivity. □ 
To conclude this Section, we proceed to prove Theorem II .11 



Proof of Theorem 11.11 At this point we only have to show that the morphism defined in 
Corollary 12.21 is surjective. In order to do this, we proceed by induction on the dimension of the 
base space X. 

For dimX = the result is trivial. 

Now, suppose dimX > 0, let U C X be an open set such that Y becomes trivial on U, and 
set W = X \ U, m = codimx(W). We have a diagram 

p—m rrii 

CH p - m -\W) Zr id CHP- m (Y\ w ) 

i=0 j=l 



hi 



P rrii 



00C7p- i (X)®Zr f 

i=0 3=1 



1,3 



^CH P ~\U)®CH\Z) 



/' 

■CHP{Y) 
f 

CHP(U x Z) **0 



(2) 



i=0 





where the first row is exact by induction hypothesis since dimT^ < dimX, the last row is given 
by Lemma 12.41 and the left column is obtained factor by factor by tensorizing the corresponding 
exact sequences obtained from Proposition 1.8 in [Ful98 . 

Pick an element (3 £ CH P (Y) and set a\ := /(/?)• Define elements 03 satisfying gia-i) = a\ 
and h(pt.-&) = a 2 - Then 

f((p(a 3 )) = g(h(a 3 )) = g{a 2 ) =a x = f{/3) 

and therefore /3 — <p(a 3 ) £ Ker / = Im/', so we can write j3 — 93(0:3) = f'{ct±) for some ol\. Finally 
define a§ as an element satisfying that g'(a^) = a^. Then 

^(a 3 + h'(a 5 )) = <p(a 3 ) + f'(g'(a 5 )) = (3 
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and we have that ip is surjective. □ 



3. Defining the projectors 

Along this section we will be using notations and conventions established by Manin in [Man68j . 
In this section we define pairwise orthogonal projectors for a locally trivial fibration as the one 
described in Section 2. In order to do this, we follow the ideas given by Manin in |Man68j to 
calculate the Chow motive of a projective bundle associated to a given vector bundle, and Kock 
in |Koc91] which generalized the construction of Manin to grassmannian bundles. 

We will define correspondences pij € Homc^^) (Y, Y) using the isomorphism described in 
Corollary 12.21 In order to do this consider the auxiliary sets 

Wij = < I s$ mi}U{{k,l)\k >i, 1 < K m k }, 

and define the correspondences pij by a downward induction, starting with 

Pn,m n = CT n , mn O C(vr) O c(tt)* O CT , mn 

and in the general case by writing 

Pij = CTtj ° c(vr) o c (tt)' o CTn _^ o Ay - ^ p k j . (3) 

V (k,l)ew itj J 

The following Lemma will be used to prove some properties satisfied by the correspondences 
just defined. 

Lemma 3.1. 

x ( TT*(aij) n Tu if i ^p 



r=0 8=1 I ~ 



J I 1 M hJ 

if i> p □ 



Proof We will use a downward induction. First, observe that 

7r*(a ns )nr riS 

r=0 s=l J 



p m r 



* \ n * vr*(a rjS ) n T r>8 n T Q , 



m T n . m „ | TT 

\ \ \r=0 8=1 

p m r 



YjYj 171 ^-^ ( n * O* (T*(Or,«) n T r,s H To,m»))) 



r=0 s=l 



Now, by using Theorem 12. 11 last expression becomes 
so we have verified the Lemma in this case. 
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Now, in order to clarify the general case, consider the sets 

Mij :={(*;, I) | k < i}U {(i, I) | I < j}. 
Then, by applying the induction hypothesis: 



p m r 



(fc,i)eWi,j / \r=0 8=1 



r=0 s=l (fc,Z)6Wi,j 

= ^ ^(a^g) r\T TjS 
and so 

(P m r \ 
J37r*(or, a ) nr r , 8 
r=0 8=1 / 



vr*(a riS ) n T r>s n T n _y 

(r,s)6Jfij 

= (vr* (7r*(o! r)S ) n r rjS n r n _^-))) . 

If (r, s) £ Mij then r ^ i, and therefore r + n — z ^ n; then applying Theorem 12.11 we obtain 











'I 





7T* (7T*(a r>s ) n T rjS Pi Tn-ij) = | 



otherwise 



i,3 



In this way we can write 

(p m r \ 
^^7r*(a riS ) nT rjS = mT <J (7T*(aij)) = 7r*(aij) nT { 
r=Q s=l / 

as desired. □ 

The correspondences pij have the following properties. 

Theorem 3.2. Let pij be the correspondences defined before. Then we have the following: 

(i) The correspondences pij are of degree zero. 

(ii) ^Phj = A Y 

(ill) pij o Pk>l = O^Pij 

Proof. The first affirmation is clear from the definition of the correspondences pij. In order to 
prove the remaining assertions we will use Manin's Identity Principle (see [Man68, p. 450]). 

We are going to make more precise what we are supposed to prove. Define morphisms pij : 
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CH*(Y) -> CH*(Y) in a inductive way by: 

Pi,j ■= m Tiij o ir* o vr* o mr n _ iJ o id C H*(Y) ~ E Pk > 1 
and for a variety T, denote by pfj the morphism: 

Pi,j := m ^T*T^ o (idr x vr)* ° (*dr x ?r)* ° WItx^j ° id C H*(TxY) ~ E p k, 



Manin's Identity Principle asserts that identities 2 and 3 of this Theorem hold if and only if 
the identities 

E^' = id CH*(TxY) (4) 

and 

ft J ° Pfc,Z = °(i,j)Pi,j ( 5 ) 

hold for every variety T. 
Now if 



T 



(6) 



pfj = cirxTij ° c(id T x 7r) o c(id T x 7r)* o c lTXTn _ iJ o A TxY - ^ pj 

\ (k,l)eW id 

then {pfj) e = pfj and we can rewrite dH) and (0 as 

y 

Now, by Lemma 13.11 

n mi / V m r \ p rrii 

E E^)e E E n r r,- = E E ^Ki) n Ty 

i=0 j=l \r=0 s=l / i=0 j=l 

so we have that S }^ j {Pij)e\cHP{Y) = ^Cifp(Y)> an d therefore 

»J 

E^') e = id CH*(Y) = (Ay) e . (7) 

On the other hand, 

(p m r \ 
E E 7r *( a ''*.s) n ^r.s = (Pi,i)e (tT* («Jfc,i) n T k ,l) 
r=0 s=l / 

but 

therefore 

{Pi,j)e ° {Pk,l)e = ^j){Pi,j)e • (8) 
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But both ([7]) and ([5J) are true for a locally trivial fibration it : Y — > X satisfying the hypothesis 
of Theorem 11.11 and the locally trivial fibration 

id T xir :T xY ^T x X 

satisfy such hypothesis, provided we can show that the elements It x Ti j generate the Chow ring 
CH*(T x Y) as a CH*(T x X)-module. But this follows from the definition of the mentioned 
generators if we do suitable changes to diagram ([T]). Therefore, identities (0) also hold. □ 



Now we will establish some Lemmas needed to prove Theorem ll.2i From now on, each time we 
say we have an isomorphism of motives, we are refering to the fact that we have an isomorphism 
between the additive structures of the motives involved. We start by calculating some factors 
appearing in the decomposition that we will give later for the motive h(Y). 

Lemma 3.3. Let it : Y — > X and ir' : Y' — > X be two locally trivial Bbrations satisfying the 
hypothesis of Theorem Then we have an isomorphism of motives 

h{Y) ^ h{Y'). 



Proof. Denote by T i} (resp. T^) the generators of CH*{Y) (resp. CH*(Y')) as a CH*{X)- 



module. 

Theorem 13.21 lets us conclude that 



h(Y) = (Y, Ay) = F, J>y - 0(^,Pi,i) 



and 



h(Y') = ®(Y>,p> tJ ), 



h3 



where pij , p\ • are defined as in ([3]) , so it will be enough to show that the factors appearing in 
these decompositions are isomorphic. 

In order to do this, define morphisms of motives hij G rlom MRat ^((Y, Pij), (Y' iPi j)) by the 
formula: 

hij : = Ct> . o c(7r') o c(7r)* o c Tn _^ o Ay - ^ p k)l 

\ (k,i)eWi,j 

analogously define the morphisms h\- € rlom MRat ^((Y' , p[ •), (Y,pij)) by: 



pi O I ZAy/ 

~n — i,j 



Ka := c nj c(tt) o c(7r')* o c T /_ t 
At this point we would have to show the commutativity of the diagrams 



Y-^Y' 



Y *Y' 



Y'^^Y 



Pi, 



Pi,j 



Y' Y 

K 3 
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but this follows by Manin's Identity Principle since we have both 

£J>*(a r ,.) n T r , s = ir'*(a hJ ) n % 

r=0 s=l / 

and a similar equation holding for {h[-) e . 

By following this procedure we can also obtain the identities 

h[j o hi j = Ay mod pij, hij o h\ j = Ay/ mod p\ „■ 

which expose both hij and h[ ^ as the desired isomorphisms. □ 

Lemma 3.4. Let ir : Y — > X be a locally trivial fibration satisfying the hypothesis of Theorem 
IJJl Then we have an isomorphism of motives 

(Y, Pi>j )?ih(X)®(Z, Pi>j>z ), 

where the projectors Pij,z € r\om. MRat ^(Z, Z) are defined by the formula 

Pi,j,Z ■ — T"n—i,j X Tjj. 

Proof. By Lemma 13.31 we have that 

(Y, PiJ )^(XxZ,q hj ) 
where the projectors qij are the ones defined for the trivial fibration 

X x Z— P -^X 

by using the formula ([3]). 
We will show that 

(X x Z, q hj ) = (X x Z, A x ® Pi,j,z) 

We start by observing that the collection of correspondences Pij z are > m fact, projectors in 
the category of motives. Clearly, the correspondences Pij y z have degree zero. Now, 

Pi,j,Z Pk,l,Z = 7T13* (^12 ( r n-ij X Tij) l~l 7r2 3 (r„_ fci ; X Tfcj)) 
= 7Tl3*(T"n-i,j X (n,j C\T n -k,l) X Tfe,;) . 

Suppose T{j fl r n ^k,i 7^ 0. Then 

7Tl3(T„_iJ X (Tjj fl T n -k,l) X Tfe,j) = T n -i t j X T fcj ; . 

Since 

dim(r ri _ iiJ - x (Vy n r n _ fc j) x r k j) = n, 

dim(r n _jj x t^i) =n + i — k 
we see that they have the same dimension if and only if k = i. Therefore 

7Tl3*(7"n-i,j X (Tij nr n _ fc) i) X Tk,l) = 

but since we are assuming t^j n Tn-^n ^ 0, we have that I = j, so 

7Tl3*(T n _iJ X (Tjj flVy) X T fc j) = ^Hrn-jj X Tjj 

and therefore 



( T n -i,j X Tij if k = i 
1 if k^i 
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Now consider the case when r%j Pi r n —kl = 0- Then 7^ (k, I), otherwise we would have 

(k I) 

T i,j^ T n-k.i = e; therefore "u'A = 0. Another consequence of Ti t jr\T n _k,i = is that, by Proposition 
1.10 in |Ful98l p. 24] we have that 

Tn-i,j X (Tjj PI T n _ kj i) X T kj i = 0. 

So in this case we also have the equality 

Pi,j,Z °Pk,l,Z = 0(i^PiJ,Z ■ 

Therefore the correspondences Pij t z define mutually orthogonal projectors on Z. Now we 
proceed to verify that the projectors qij and Ax ®P%,j,z coincide. 
By Lemma 13.11 we have that 

^ P*(«r, s ) n lx x r ns = p*(ati,j) n lx x Tjj . 
r=0 s=l / 

On the other hand 

(Ax <S>Pij,z)e{p*(ar,s) n lx x r na ) = (pi,j,z)x(p*(a r , s ) n lx x 7> )a ) 

= ° (P*(«r, s ) n lx x r r>s ) 
= Pi3*(ar,s x (r ns n r n _jj) x Tij) 
(Xi,jXn t j if (r,s) = (i,j) 



i/ (r,s)^(i,j) 

= $£j]p*((Xi,j) n lx X Tjj . 

Therefore 

^2 ^2 P*( a r,s) n lx x T r , s j 

r=0 s=l / 

= p*(a it j) n lx x . 
At this point we have proved the equality 

(H,j)e = (Ax ®Pi,j,z)e 
and by applying Manin's Identity Principle we obtain 

Qi,j = Ax ® • 
We conclude the proof of this Lemma by noticing that 

(Y, PiJ ) ^(Xx Z,q itj ) = (X x Z,Ax ®Pi,i,z) = (X, Ax) ® (Z tPitjt z) 

as desired, n 

Lemma 3.5. Under the hypothesis of Lemma \3.4\ we have that 

h(Z)^($(Z,p i;j)Z ) 

Proof. We have already shown that the correspondences p%j t z induce mutually orthogonal pro- 
jectors. So, our proof will be finished if we can show that 



/ZPi,j,z = A z . 
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The elements of CH*{Z) can be written as 

n m r 



r=0 s=l 



for some n rjS £ Z. Observe that 

(Pi,j,z)e ^2 Z^2 nr . sTl *. s = P« J> Z ° ( nr > sT ns = 5^ X] U r,sPi,j,Z ° Tr. 



besides 



\r=0 s=l / \r=0 s=l / r=0 s=l 

Pt,i,Z 7V )a = P2*((T n -i,j X Tij) fl (r r , s X l Z )) 

= P2*((r n -ij n r r>s ) x Tjj) 

«7 (r,s) = (i,j) 
z'/ (r,s)^(i,j) 



in this way we obtain that 



and therefore 



n m r 



{Pi,j,z)e ^ /2 nsTr ' s = Ui 'j Tl >J 



v r=0 s=l 



^(PtJ,z)e = id CH*{Z) = (Az) e 

and by using Manin's Identity Principle we obtain the desired result. □ 
Now we have at our disposal all the tools needed to prove Theorem 11.21 

Proof of Theorem 11.21 We have that 

hp) = (Y, *y) = ©0*,;) 



^(h(X)<S(Z, Pi)jt z)) 



h3 



KX) ® 0(^py,z) 



□ 



h3 

h(X)®h{Z). 

4. Murre's conjectures. 

We begin this section by recalling some definitions. 

Definition Let X be an smooth ci-dimensional projective variety over a field k. We say that X 
has a Chow-Kiinneth decomposition if we can find cycle classes 

(X), . . . , Tr 2d (X) £ CH d (X x X, Q) 
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such that 

a) iTi(X) o TTj(X) = 8ijm(X). 

2d 

b) A x = Y,^(X)- 

c) (over k) TTi modulo (co)homological equivalence (for example, in etale cohomology) is the 
usual Kiinneth component Ax {2d — 

If we define h l {X) := {X,ni{X)), then we will say that 

2d 

h{X) = @h i {X) 

i=0 

(or equivalently, the collection ttq{X), . . . ,K2d{X)) is a Chow-Kiinneth (CK) decomposition for 
X. 

Some examples of varieties having a CK decomposition are curves [Kle70|, surfaces [Mur90j, 
products of curves and surfaces |Mur93b] , abelian varieties [She74| and uniruled complex 3- folds 
[dAMS98]. The following conjectures (among others) were proposed by Murre in [Mur93a], and 
they are related to a conjectural filtration on the Chow groups of an algebraic variety. 

Murre's conjectures. 

A) Every smooth projective d dimensional variety X has a Chow-Kiinneth decomposition: 

2d 

h{X)^@{x, n {x)) 

i=0 

B) For each j, ttq{X), . . . , nj-i{X), -K2j+\{X), . . . , Tt2d{X) act as zero on CHi{X, Q). 

In order to say something about the conjectures in case of the fibrations studied in this work, 
we need to establish some identities, the proof is straightforward. 

Lemma 4.1. Let X,Y,Z e Obj(V(fc)), a G CH*{Y), ip e CH*(X xY),ip£ CH*{Y x Z), 
t € CH*{X x Z). Let f : X — > Y and g : Y — > Z be morphisms in V{k). Then we have the 
following identities. 

(i) c a o ip = {l x x a) ■ <p, 

(ii) ip o c a = {a x l x ) ■ ip, 
(hi) c{f)oip= {id x x f)*{(f), 

(iv) c{gY oip = {id x x g)*(tp), 

(v) rac{f) = (/ x idz)*{r), 

(vi) ^oc{f) t = {fxid z )*{rp). □ 

In particular, we can rewrite some parts of the correspondences pij given in the last section, 
namely 

c T ,. o c{n) o c(vr)* o c Tn _ itj = (vr x ir)*{A x ) ■ (T n _ ijj x T h] ) . 

From this new expression we see that, provided we have a CK decomposition for the base space 
of the fibration as 

2dim(X) 

A x = J2 

i=0 
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then a CK decomposition for the fibration Y must involve correspondences with terms of the 
form 

(vr x 7r)*(7T r (X)) • (Tn-ij x T id ) = c T . . o c(vr) o n r (X) o c(tt)* o c Tn _ id . 

That will be the case, as we will see in the proof of Theorem 11.31 We will need the following 
two lemmas, the proof of which can be found in [Man68j. 

Lemma 4.2. For any morphism of varieties ip : X — > Y, any T G Obj(V(fc)) and any element 
a G CH*(X) we have 

a) c(<p) T = (id T x ip)*, 

b) c(tp) T = (idr x <p)*> 

c) (c q )t = mi TXa . □ 

Lemma 4.3. Let T> be a diagram of objects and morphisms from the category CV(k). Further- 
more, let I be 



r 

I = ^difi, 
i=l 

where a, G Z and /j are some correspondences between the objects of the diagram T>. For 
T G Obj(V(Jfe)), let I T be 

r 

i T = ^2<ii(fi) T . 

i=i 

Then 1 = if and only if I T = for all T € Ob](V(k)). □ 

Proof of Theorem 11.31 Let tto(X), ■ ■ ■ , TV2d{X) be a CK decomposition for X, where d is 
the dimension of X. For a cycle (p G CH*(X x X), define a cycle pj(<p) G CH*(Y x V) as (here 
n = dim(Z)) 

Yl Ct j/2,a ° c ( 7r ) ° ^ ° c ( 7r )* ° CT n- j/2 ,A I Ay - Yj Pk,l I , j even 
a=i \ (fc,0eW} /2jA / 

, j odd. 



V2 



Since 

c Tj/2,x ° 0( P° C W ° c T n _ j/2 , A = (vr x vr)*(v?) • (T n _ j/2 , A x T j/2iA ) , 
it follows that pj(-) is additive. 

Now, for each integer k between and 2dim(Y) define the set 

h ■= \0^i^2d, < j < 2n, i + j = k} 

and the correspondence 

7r fc (Y):= ^ Pj-fapQ). 

(i,j)e4 

We will show that ttq(Y), . . . , 7r 2 dim(K) 00 gi ye a CK decomposition for Y and satisfy the 
conjecture B) established before. 

Clearly 7Tfc(Y) is a correspondence of degree zero. Besides, since Ik fl !&/ = for k ^ k' and 

2 dim(V) 

(J J fc = {0,1,..., 2d} x {0,1,..., 2n} 

fc=0 
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it follows that 

2dim(Y) 2dim(Y) 

k=o k=o (i,j)el k 

2d 2n 
i=0 j=0 

2n / 2d \ 

j=0 \i=0 ) 
n rrij 

j=0 \=0 

Now, we will verify that we have the identities 

7Tfc(Y) o n k >(Y) = 6 kik fK k (Y) . 

By Lemma 14.31 we have to show that for any variety T € Obj(V(k)), 

Kk(Y)T ° 7T fe /(y) T = h,k'^k{Y) T ■ 

As we observed in the proof of Theorem l2.ll idx x 7r : TxF-s-TxXisa locally trivial fibration 
with fibres isomorphic to Z and having a Chow stratification, the generators of CH*{T x Y) 
as CH*(T x X)-module being the elements It x Tij. Therefore, by Theorem 11.11 any element 
P e CH p (T x Y) can be written as 

p m r 

P = Y /2( id T x *")* («»■,«) n (It x T rtS ) , 

r=0 s=l 

for some a r>s G CHP- r {T x X). 

By Lemma 14.21 each non zero summand of pj(iri(X))T is of the form 

mi T xT j/2iA o («f T x 7r)* o 7Ti(X) T o (idr x 7r)* o mi TX T n _ j/2 A o id Tx Y - £ (^m)t 

\ (k,i)e\v j/2iX 

and by doing similar calculations to the ones given in the proof of Lemma 13.11 , we obtain 

(id T x vr)* o mi TX T n _ j/2>A ° id T xY - £ (Pk,l)T I I W) = a j/2 ,\ ; 

V (fc.QeWj/a.A / / 

in consequence 

p i (^(X)) T (/3) = {id T x ^)*(vr i (X) T (a i/2iA )) n (1 T x T j/2 , A ) ; 

A=l 

observe that in this last expression, by applying pj(ni(X))x to an element, the result only involve 
terms in which the generator is of the form It X Tj/ 2i \. Therefore, should we apply pj>(TVi'(X))T 
to pj-(7Tj(X))y(/3) for j' ^ j (and no matter what value of i' we choose) we would obtain zero. 
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On the other hand, if j = j' then 

mj/2 

Pj (^PO)t(P,(^(X)) t (/?)) = J2(idT x ir)*(fc,(X)om(X)) T { aj/2iX )) D (It x T j/2)X ) ; 

A=l 

but we have that 7Tj/(X) o n^X) = £j/ j7Tj (X) , so it follows that 

p j (Tr i ,(X)) T (p j (Tr i (X)) T ((3)) = 8 i , A p ] (ir i (X)) T ((3) . 

To summarize, we have that 



p f (MX)) T (PjiniX))^)) = #™ j p J (vr i (X)) T (/3) 

(id) 



Now, when k ^ k', IfcHlfc' = 0, and therefore 5/* ~' ^ = for any G Ik and any («', /) G 



Therefore, for k k' 

itk>(Y) T oK k (Y) T (p) = . 

In a similar fashion, iik(Y)T 7r fc(^)r(/3) = 7rfc(y)j'(/3). Therefore the projectors 

7T (y ),..., 7T 2dim (y)(y) 

provide a CK decomposition for Y. 

Now we will prove the statement about the action. Recall the action of 7r&(Y) on CH 3 (Y) is 
given by the values of iTk(Y) e , where e = Spec(fc). We have to show that, for a given value of p, 

7T (Y) e (/?) = • • • = ^-l(Y)e(/3) = 7T 2p+1 (Y) e (/3) = • • • = 7T 2dlm(y) (Y) e (/3) = 

for any (3 G CH?(Y). 

As before, (3 can be written as 

p m r 
r=0 s=l 

for some a r , s G CHP- r (X). 

From the calculations done before we see that 

^(Y) e (/3)= J2**(*i(X) e (a j/2>x ))nT j/2tX , 

(ij)64 A=l 

and we have to consider two cases. 

Suppose ^ k ^ p — 1. Then for (i, j) G we have 

2i + j ^ 2i + 2j < 2(p- 1) 

and therefore 

0^i^p-|-l. (9) 

But &j/2,\ £ CH p ~i (X) and vrj(X) acts as zero there because of © and the hypothesis on 
TTi(X). In this way we have that irk(Y) e (f3) = for ^ k ^ p — 1. 
Now, suppose 2p + 1 ^ A; ^ 2dim(Y). For G Ik, 

2p + l^k = i + j ; i ^2 dim(X) . 
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Putting together these two inequalities we obtain 2(p — j/2) + l ^ i ^ 2dim(A") and again, by 
the hypothesis on Wi(X), it acts as zero on CHP~i/ 2 (X). Therefore 7r fc (Y) e (/3) = for 2p + 1 ^ 
k 2dim(Y). □ 
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